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Abstract 

In this paper we generalize and simplify generating functions for classical 
orthogonal polynomials, namely Jacobi, Gegenbauer, Chebyshev and Leg- 
endre polynomials. We generalize the generating function for Gegenbauer 
polynomials extended to Jacobi polynomials through examination of a two 
element sequence of generating functions for Jacobi polynomials. Simplifica- 
tions of generating functions are accomplished through realization of general 
hypergeometric functions in terms of more elementary functions. We also use 
orthogonality relations for our classical orthogonal polynomials to determine 
definite integrals. 
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1. Introduction 

Orthogonal polynomials Pn (see Chapter 18 in ?) are polynomials which 
are orthogonal under an inner product on a real interval (a, b) with respect 
to some weight function w : (a, b) — R. In this paper we focus on so-called 
classical orthogonal polynomials. In our case we will focus on those orthog- 
onal polynomials which are constructed by Gauss hypergeometric functions 
(Jacobi, Gegenbauer, Chebyshev, and Legendre polynomials). Since poly- 
nomials are entire functions on the complex plane, the study of orthogonal 
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polynomials extends itself naturally to complex analysis. Some fundamen- 
tal texts which describe the properties of orthogonal polynomials include ?, 
?, ?, and ?. Our main focus in this paper is on generating functions for 
these classical orthogonal polynomials. Generating functions for classical or- 
thogonal polynomials have a rich history. Many generating functions for the 
classical orthogonal polynomials can be found with tabulations and proofs in 
the above references on orthogonal polynomials. Some important references 
which focus particulary on the methods related to generating functions for 
orthogonal polynomials include ? and ?. 

A generating function F : (a, b) x (0, 1) — >■ R for an orthogonal polynomial 
is a series expansion 

oo 

F{x,p) = ^a„p>„(a;), 

n=0 

with coefficients q;„ independent of x and p. We refer to the (unique) gen- 
erating function for an orthogonal polynomial when a„ = 1. Generating 
functions for orthogonal polynomials can be used to define those orthogo- 
nal polynomials and are some of the most important functions known to be 
associated with those orthogonal polynomials. 

In this paper, we use pre-existing generating functions for classical poly- 
nomials to simplify and/or generalize generating functions to construct al- 
ternative series expansions over the orthogonal polynomials which are no 
longer of generating function type. When possible we use the orthogonality 
property (see §18.2 in ?) 

b 

where 5n,m £ {0, 1} is the Kronecker delta, to obtain definite integral resuts 
from our alternative expansions. Unless stated otherwise the domains of 
convergence given in this paper are those of the original generating function 
and/or its corresponding definite integral. 

Throughout this paper we rely on the following definitions. Let ai, 02, 03, ... G 
C. If i,j G Z and j < i, then Xln=i ~ ^^'^ Y[n=i'^n = 1- The set of 
natural numbers is given by N := {1, 2, 3, . . .}, the set Nq := {0, 1, 2, . . .} = 
N U {0}, and Z := {0, ±1, ±2, . . .}. 
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2. Jacobi polynomials 

The Jacobi polynomials Pji^'^^ : C — )■ C can be defined in terms of the 
terminating Gauss hypergeometric series as follows ( (?, (18.5.7))) 

nl \ a + 1 2 J 

for n G No, and a,P > —1. The Gauss hypergeometric function 2F1 : 
X (C \ No) X G C : \z\ < 1} ^ C (see Chapter 15 in ?) is defined as 

\ c J ^„ (c)„ n! 

where the Pochhammer symbol (rising factorial) (■)„ : C — t- C (?, (5.2.4)) is 
defined by 



where n G No. Note that the Gauss hypergeometric function can be ana- 
lytically continued through for instance the Euler's integral representation 
for z E C \ {1,00) (see for instance (?, Theorem 2.2.1)). The orthogonality 
relation for Jacobi polynomials can be found in (?, (18.2.1), (18.2.5), Table 
18.3.1) 

' pK/3)(,)pK/3)(,)(i_,)«(l+,)/^rf, = 2-^^^^r(a + n + l)r(/3 + n + l) 

[x)^^ [x)[i X) [i+x) dx ^2n + a + /3 + l)r(a + /3 + n + l)n!'^'"'"- 

(1) 

2.1. Expansions for Jacobi polynomials 

Consider the generating function for Gegenbauer polynomials (see ^ for 
their definition) given by (?, (18.12.4)), namely 

^ 00 

We attempt to generalize this expansion using the representation of Gegen- 
bauer polynomials in terms of Jacobi polynomials given by (?, (18.7.1)), 
namely 

C:ix) = -j^%^Pl'-"'--"'\x). (3) 
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By making the replacement i/ — 1/2 to either a or /3, we see that there 
are two possibihties for generahzing the Gegenbauer generating function to a 
generating function for Jacobi polynomials. The first is given in (?, (18.12.3)) 



a+/9+l 

2 ' 2 



2p(l +x) 



;i + p)"+'5+i- ^ \ /3 + 1 

/3/2 




1+P 



where : C \ (— oo, 1] — t- C is the associated Legendre function of the 
first kind (see Chapter 14 in ?), which can be defined in terms of the Gauss 
hypergeometric function as follows (?, (14.3.6), (15.2.2), §14.21(i)) 

The associated Legendre function of the first kind can also be expressed in 
terms of the Gauss hypergeometric function as (see (?, (14.3.18), §14.21(iii))), 
namely 

p'A^)=— — -—--r.M " (6) 



r(i-/i) (z2-p'^/2 

where | arg(2; — 1)| < tt. We have used (E]) to simplify the generating function 

m- 

Definition 1. A companion identity is one which is produced by applying 
the map x — x to an expansion over Jacobi polynomials or in terms of those 
orthogonal polynomials which can be obtained as limiting cases of Jacobi 
polynomials (i.e., Gegenbauer, Chebyshev, and Legendre polynomials) with 
argument x in conjunction with the parity relations for those orthogonal 
polynomials. 

In our first generating function (jl]), we use the parity relation for Jacobi 
polynomials (see for instance (?, Table 18.6.1)), namely 

P^^)(-a:) = (-l)"Pf '")(^), (7) 
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and the replacement a, /3 i— /3, a to produce the companion identity 



2±m^^ -2p{i-x) 



2 



a/2 



r(« + 1) ^-J 1 - P 



p{l-x)J (l + p2_2px)(/^+i)/2 ^ |^^l + p2_2pa;^ 

E^^^T^f^p-Pi-^Ha^), (8) 



n=0 



where : (—1, 1) — )■ C is the Ferrers function of the first kind (associated 
Legendre function of the first kind on the cut) through (?, (14.3.1)), defined 

as 



The Ferrers function of the first kind can also be expressed in terms of the 
Gauss hypergeometric function as (see (?, p. 167)), namely 



-V — fJ, —V — fl+1 



r(l-/i)(l-a;2)M/2 ^ ^ \^ l_p ' X 

for X e (0, 1). We have used (fTOj) to simplify ([8]). 

There exists a natural extensions of (j4]), (|8]) (see (?, (4.3.2))). The exten- 
sion corresponding to ([8]) is given by 

(a + /3 + l)(l + p) ^ ( _-2p(l-x) 



l_p)a+/3+2 -2-1 ' (l_p) 



2 



o/2 



« + /3 + l)(l + p)r(a + l)p_, 1-p 



p(l-x); (l + p2-2px)(/'+2)/2 P+i y^^^p2_2px^ 

= Y,{2n + a + P + l)^^±l±^p-PlC^^\x), (11) 



n=0 
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and its companion identity corresponding to (jl]) is 
(a + /3 + l)(l-p) ^ / £^±|±2^a±|±3 2p{l + x 



2F1 



2 



1 + p)"+/3+2 ' 13 + 1 ' (1 + p) 

2 y/2(a + /3 + i)(i-p)r(/3 + l)^_^ / 1 + p 



p(l + a;); (l + p2_2pa;)("+2)/2 ^ \^ ^1 + p2 _ 2pa;^ 

= f:(2n + c. + /3 + l) ^"+^+/^" p»p("-/^)(x). (12) 

We have used ([6]), (|TOl) to simplify these Gauss hypergeometric function gen- 
erating functions as associated Legendre functions. 

Upon examination of these two sets of generating functions, we suspected 
that these were just two examples of an infinite sequence of such expansions. 
This led us to the proof of the following theorem, which is a Jacobi poly- 
nomial expansion which generalizes the generating function for Gegenbauer 
polynomials ([2]). 

Theorem 1. Let m e Nq, > -1, x G [-1,1], p E {z E C : \z\ < 

1}\(-1,0]. Then 

{i + xy^/' , ( i + p 



(1 + p2 - 2px)("+™+i)/2 "^"^ I ^1 + p2 _ 2px 



p-(a+i)/2 ^ (2n + a + /3 + l)r(a + /3 + n + l)(a + /3 + m + l) 



00 



2n 



2'^/'(i-p)™^ r(/3 + n + i; 



xP—^-"-^ ([^) Pt'\-). (13) 



Proof. Let p G (0, e) with e sufficiently small. Then using the definition of 
the following Gauss hypergeometric function 



a+P+m+l a+l3+m+2 
2 ' 2 



-2p(l -x) 
a + l ' (l-p)2 



V (^^±te±l)^ (-2p)"(l - X)" 

^ n!(a + l)„(l-p)2" ' ^ > 



n=0 
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the expansion of (1 — x)" in terms of Jacobi polynomials is given by 

(-n)fc(a + f3 + 2k + l)(a + (3 + l)k 



n 



^ (a + /3 + l)„+fc+i(a + l)fc 

whose coefficients can be determined using orthogonality of Jacobi polyno- 
mials ([1]) combined with the Mellin transform given in (?, (18.17.36)). By 
inserting f[T^ in the right-hand side of ([HD, we obtain an expansion of the 
Gauss hypergeometric function on the left-hand side in terms of Jacobi poly- 
nomials. By interchanging the two sums (with justification by absolute con- 
vergence) we are left with a Gauss hypergeometric function as a coefficient 
of the Jacobi polynomial expansion. The resulting expansion formula is 

(g + /3 + 1)^(1 -p)- / a±te±i,£^±te±2 2p(l + x )' 

(1 _ p)a+/3+m+l 2 1 ' (1 + p)^ 

n=0 \' / \ ' I y 

The Gauss hypergeometric function coefficient of the expansion is realized to 
be an associated Legendre function of the first kind through The Gauss 
hypergeometric function on the left-hand of (1161) can be simplified as well 
using ([6]). Now we apply the expansion theorem for Jacobi polynomials (see 
for instance (?, Theorem 9.1.1, (9.2.3))). The Jacobi polynomial expansion 
is equivalent to the integral for the coefficients and both sides of f|T3l) are 
analytic functions for p G {-z G C : 1^1 < 1} \ (—1,0]. Since we know that 
f[T^ is valid for p G (0, e), then by the identity theorem for analytic functions, 
the equation hold for this region. This completes the proof. ■ 

We have also derived the companion identity to f|T3|) . which we give in the 
following corollary. 

Corollary 1. Let m G Nq, a, /3 > -1, x G [-1, 1], p G (0, 1). Then 
(l-x)-^/' / i-p 



(1 + p2 - 2px)('3+-+i)/2 I v^l + p2 _ 2px 



5-(/3+i)/2 ^^2n + a + (3 + l)T{a + (3 + n + l){a + f3 + m + 1)2„ 



2^/2(1 + p)m zL^ r(a + n + l) 



xP— ^---^ ([^) P!r''\x). (17) 



7 



Proof. We start with f|T6|) and apply the parity relation for Jacobi polyno- 
mials ([7]). Let p G (0,1). The Gauss hypergeometric function coefficient of 
the Jacobi expansion is seen to be a Ferrers function of the first kind (12]) ■ 
After the application of the parity relation, the left-hand side also reduces to 
a Ferrers function of the first kind through (1101) . This completes the proof. 
■ 

Theorem [T] generalizes (jl]), ffT^ . while Corollary [T] generalizes (E]), f lTT]) . Both 
Theorem[T]and Corollary [1] generalize the generating function for Gegenbauer 
polynomials ([2]) since it is easily verified to be its own companion identity. 
According to ?, (ITT]) . (fT2|) . are closely related to the Poisson kernel for Jacobi 
polynomials, so we hope our generalizations have applications as such. 

We then looked for other generating functions of Jacobi polynomials that 
could be simplified. The following two theorems originate from ?, and are 
for generating functions of Jacobi polynomials with even and odd degree 
respectively. In order to prove the next two theorems, it will be necessary to 
introduce (and prove) the following two lemmas. 

Lemma 1. Let a,w (zC Then 



Proof. Using entry 11 in (?, p. 157) for the associated Legendre function of 
the first kind (E]) along with (?, (8.6.8)), namely 



Pi" (-) 



1 



{z^ - 1) 



-1/4 



/ , Ni^+1/2 / 



-v-l/2 



(18) 

and (?, (14.5.11)), to simplify the Gauss hypergeometric function. Note that 
if w lies along the imaginary axis then one should use the corresponding 
Ferrers function representations ffTOl) . ■ 



Lemma 2. Let a;,w G C \ {0}. Then 

-g+l -a+2 



2-ri 



2 ' 2 

3 
2 



W 



2aw 



[ii+wr-ii-wT] 
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Proof. Using (E]), along with (?, (8.6.9)), namely 



p-l/2 



2 {z^ - 1) 

TT (2Z/+1) 



-1/4 



i/+l/2 



-v-1/2 



(19) 

and (?, (14.5.12)), to simplify the Gauss hypergeometric function. Note 
once more that if w lies along the imaginary axis then one should use the 
corresponding Ferrers function representations. This completes the proof. ■ 



Theorem 2. Let a, > -I, p e [z e C : \z\ < 1} , x e [-1, 1]. Then 



n=0 



(20) 



Proof. In problem 11, p. 215 of ? there is a generating function for Jacobi 
polynomials, namely 



^1 



2 ' 2 
1 
2 



:i+x)v 



iFi 



2 ' 2 
1 
2 



;i-x)V 



1 



+ (x^ - 1) p 



(1 + x)> 
3 ' 4 

2 



2^1 



-P+l -/3+2 
2 ' 2 

3 
2 



;i -x)V 



n r>(a~2n,l3~2n) , 



(21) 



ra=0 



Applying Lemmas [T] and [2] with either u = a — 1/2, w = (1 + x)^/p/2 or 
u = f3 — 1/2, w = (1 — x)^/p/2 for the Gauss hypergeometric functions on 
the left-hand side of (12T]) and simplifying completes the proof. ■ 

Theorem 3. Let a, P > -1, p e {z e C : \z\ < 1} , x e [-1, 1] . Then 



[l + x)^ 



[l-x)^ 



n=0 
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Proof. In problem 11, p. 215 of ? there is a generating function for Jacobi 
polynomials (Note that the generating function is stated wrong in ?, the last 
2-Fi should have a 3/2 instead of a 1/2), namely 

2 ^^^1^ I ' 4 )'^\ 1 ' — 

, (/3+l)(x-l) p ( -^>-f (l + x)V \ /-i^ (l-^)V 
2 '^^(^ 1 ' 4 J'^^l^ I ' T 



^^np(«-2n,,-2n)^^^_ (23) 



n=0 



Applying Lemmas [T] and |2] with either z/ = a + 1/2, w = (1 + x)y/p/2 or 
i/ = /3 + l/2,w = (1 — x)y/p/2 for the Gauss hypergeometric functions on 
the left-hand side of (1231) and simplifying completes the proof. ■ 

It is straightforward to show that the parity relation for Jacobi polynomials 
([7j) here creates companion identities that are the same as the two previous 
derived theorems. 

Furthermore, it should be stated that Theorems [2], [31 as well as all the 
corollaries associated with these theorems below, are consistent with (?, 
cf. (8)), namely 

) 



\ / V / „=o 

through the parity relation for Jacobi polynomials ([7]). 

2.2. Definite integrals for Jacobi polynomials 

Corollary 2. Letm,n e Nq, a, P > -1, p e {z e C : < \z\ < 1}\(-1,0]. 
Then 

J.Al + P'~ 2px)("+-+i)/2 ^1 + p2 _ 2px ) 

^ 2«+/3/2+ir(a + n + l)(a + /3 + m + l)^^ ^^.p-2n-i (l±P 
n!p("+i)/2(l -p)- -™ Vl-p 
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Proof. Multiply both sides of (dl by (1 - x)'^{l + x)^ P^"'^\x), for ke'No 
and integrate over (—1, 1) using the orthogonality relation ([1]). ■ 

Corollary 3. Let ■m,n e Nq, a, /3 > -1, p e (0, 1). Then 

'^B+m r—. n 7^ [XjUX 



(1 + p2 _ 2px)(/^+™+i)/2 I yi + p2_2pa; 



n!p(/3+l)/2(l + p)m — \l+p 

Proof. Same as in the proof of Corollary [21 except apply to both sides of 

IE 



2. 3. Expansions and definite integrals from the Szego transformation 

If one applies on the complex plane, the Szego transformation (conformal 
map) 

. = (24) 
2p ' ^ ^ 

(which maps a circle with radius less than unity to an ellipse with foci at 
±1) to the expansion in Theorem [H then one obtains a new expansion. By 
(?, Theorem 12.7.3), this new Jacobi polynomial expansion is convergent for 
all X e C within the interior of this ellipse. Applying to (fT3|) yields the 
following corollary. 

Corollary 4. Let m G Nq, a, (3 > —1, x,z e C, with 2 G C \ (—00, 1] on 
any ellipse with foci at ±1 and x in the interior of that ellipse. Then 



(l + x)-^/2 I x^z-^W^ 



\^j2{z - 4^^){z - x) 

rn/2 °° 

(1-^ + v/i^^trS r{p + n + i) 



2(„-/3+,n+i)/2. - v/i^)'"/' ^ (2n + « + /3 + l)T{a + /3 + n + l)(« + /3 + m + 1)2. 



^p-.-,^2„-i|^/i±j)pK,)(^)_ (25) 
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We would just like to briefly note that one may use the Szego transfor- 
mation to obtain new expansion formulae and corresponding definite 
integrals from all the Jacobi, Gegenbauer, Legendre and Chebyshev polyno- 
mial expansions used in this paper. For the sake of brevity, we leave this to 
the reader. 

3. Gegenbauer polynomials 

The Gegenbauer polynomials : C — t- C can be defined in terms of the 
terminating Gauss hypergeometric series as follows ( (?, (18.5.9))) 



for n G No and p G (—1/2, oo) \ {0}. The orthogonality relation for Gegen- 
bauer polynomials can be found in (?, (18.2.1), (18.2.5), Table 18.3.1) for 
m, n G No and fi G (-1/2, oo) \ {0}, 



The Gegenbauer polynomials (^E^ are defined for /i G (— l/2,oo)\{0}. How- 
ever many of the formulae listed below actually make sense in the limit as 
p — 7- 0. In this case, one should take the limit of the expression as p — )■ 
with the interpretation of obtaining Chebyshev polynomials of the first kind 
(see ^for the details of this limiting procedure). 

3.1. Expansions for Gegenbauer polynomials 

Corollary 5. Let m G No, fi G (-1/2, oo) \ {0}, p e {z e C : \z\ < 

1}\(-1,0], X G [-1,1]. Then 




(26) 




(27) 




2T{2p + m) 
m\p^'{l - pY 



oo 



( ^^^^ 



m 



^(n + /i)(2/i + m)2„P 



— 2/i— 2n 



n=0 
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Proof. Using (fT5|) . substituting a = (3 = /i — 1/2 along with and (?, 
(14.3.22)), namely 

( _ 2^-^/^r(/x)n! 2 _ . N/./2-1/4 

completes the proof. ■ 

Corollary 6. Let m G Nq, /i G (-1/2, cx)) \ {0}, p G (0,1), x G [-1,1]. 
Then 



(l+p2-2px)A'+™/2 - y^l + p2_2px^ 

= 'r'nt"^L + /^)(2/^ + -)-P=^" Ciiix). (29) 

m!p^(l + p)'^^ VI + P/ 



Proof. Using (fTTl) . substituting a = /3 = fx — 1/2 along with ([3]) and (?, 
(14.3.21)), namely 

pl/2-M ^ N _ 2^-^/^r(p)n! _ X 

i^n+M-i/2W - y^r(2p + n)^ ^ ' 
completes the proof. ■ 

Theorem 4. Lei a > -1, a ^ {3/2, 5/2, 7/2, . . .} , p G G C : 1^1 < 1} , 

X G [—1, 1]. r/ien 



2 (-a + |)n (-a)n n^Q+1/2-2 

.^1^ r)47i _|_ S'j ('zia _|_ 1 P 2 

n=0 V 2 4^,1 V 2 4yn 



^2n 



When a = 1/2, then 



(l-x^)p / ^ (l-x2)p 

1 + - + Y 1 - - -^-^ 



-g(2n-l)(l + M'"^^'""^"^- 
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Proof. Using (E]) in f l20p with simplification completes the proof. The re- 
striction on a comes from the Pochhammer symbols in the denominator. 
When a G {3/2,5/2, . . .}, one of the Pochhammer symbols is zero at some 
value of n, and the sum becomes indeterminate. When a = 1/2, it is possible 
to express the Pochhammer symbols as above to complete the proof. ■ 

Theorem 5. Let a > -1, a ^ {3/2, 5/2, 7/2, . . .} , p G {^ G C : |z| < 1} , 

X G [—1, 1]. Then 



(2a + 2)yp y^ {-a)n{-a-\)n 



Q+l/2-2n. 
2n+l 



Proof. Same as proof of Theorem H] except apply to fl22l) . ■ 

Theorem 6. Let fi G (-1/2, oo)\{0}, p e {z e C : \z\ < 1} , x e [z e C : z 
interior to an ellipse with foci at ±1 with semi-major axis (1 + p)/ {2y/p)Y 
Then 

1 1 °° 
7 = ^ + 7 = ^ = 2 y p"C2^„ (x) . (30) 



Proof. In problem 5, p. 212 of ? there is a generating function for Gegen- 
bauer polynomials, namely 



2' 2 / 7^ I 7^ / 2' 2 



2 / \ 2 



oo 

5^p"C2^„(x). (31) 



n=0 



Using Lemmas [T] and [2] with z/ = — p — 1/2 and either w = y^{x — — 1) 
or w = y^(x + yaP^~l) for the Gauss hypergeometric functions on the 
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left-hand side of fl31l) and simplifying produces the result. The domain of 
convergence for x follows from the fact that \x ± \/ x'^ — 1\ = a > 1 is an 
ellipse with foci at ±1 in the complex plane with semi-major axis given by 
((T^ -|- 1)/(2(t), and for this domain the arguments of the Gauss hypergeomet- 
ric functions are less than unity. ■ 



Theorem 7. Let fi E (-1/2, oo)\{0}, p E {z e C : \z\ < 1} , x e {z e C : z 
interior to an ellipse with foci at ±1 with semi-major axis (1 + p)/(2y7^)}- 
Then 

1 -j^ oo 

(TTT^W - (TTTTv^ - ^V-.^fCLA^y (32) 



Proof. In problem 5, p. 213 of ? there is a generating function for Gegen- 
bauer polynomials, namely 

A* / 2' 2 ( , /—?) r\ \ 7^ / 2 ' 2 



= 2i^i( ;p(x-v/^^) jsFi ;p(x + v^ 



X — 



E/'^^'n+ll^)- (33) 



n.=0 



Using Lemmas [T] and [2] with v = — /i — 1/2 and either w = ^/p/ {x + — 1) 
or w = y^/ (x — — 1) for the Gauss hypergeometric functions on the left- 
hand side of (!33|) and simplifying completes the proof. The proof of Theorem 
|6] contains a corresponding explanation for the domain of convergence for x. 
■ 

It should be stated that Theorems O O as well as all the corollaries asso- 
ciated with these theorems below, are consistent with the generating function 
for Gegenbauer polynomials through the parity relation for Gegenbauer 
polynomials, cf. ((ZD and (?, (18.7.1)). 
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Theorem 8. Let \ e C, fi e (-1/2, oo) \ {0}, p G (0, 1), x € [-1, 1]. Then 



[1 - x^fl^-^I^P'jX\i, (v/l + P^-2px + p) V'l^_l\i, (Vl + p2 - 2px 



P 



r(;.+ |)^(2;.).r(^ + l + .)^ ^ ^ 



Proof. (?, (9.8.32)) give a generating function for Gegenbauer polynomials, 
namely 

A,2/i-A 1 - ^1 + p2 _ 2px - p \ / A,2/i-A 1 - ^1 + p2 _ 2px + p ^ 



oo 



^^ (A) (2/.-Ak 

^ (2/i)„ (/i + 2)n 

Using (?, (15.8.17)) to do a quadratic transformation on the Gauss hyper- 
geometric functions and then using ([S]), with degree and order given by 
p. — A — 1/2, 1/2 — p, respectively and either z = -^/l + p^ — 2pa; + p or 
z = a/1 + p^ — 2px — p. Simplification completes the proof. ■ 

Theorem 9. Let a e C, fi e (-1/2, oo) \ {0}, p G (0, 1), x G [-1, 1]. Then 
U 2; j td1/2-/« / i - px 



:i + p2 - 2pa;)l/4+-/2-M/2 A«-"-l/2 ^ ^l+p2_2pa;^ 

(p/2)'^-V2 - («)„ 



rvE7^^"^"^(-)- (35) 



Proof. On p. 279 of (?, (8)) there is a generating function for Gegenbauer 
polynomials, namely 



a g+l 2/1 2\ \ 

p 



Using (l6l) to rewrite the Gauss hypergeometric function on the left-hand side 
of the above equation completes the proof. ■ 
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3.2. Definite integrals for G eg enhauer polynomials 

Corollary 7. Let m,n e Nq, fi G (-1/2, oo) \ {0}, p G {2; G C : < |2:| < 
1}\(-1,0]. Then 

r ji-x^r-'/' ( i+p 

^ 2^-^^7rr(2p + n)r(2p + 2r2 + m) ^_2„-2;. A + p\ 
m!n!r2(p)pA'(l -p)*" Vl-P/' 




Proof. Multiply both sides of dSH]) by (1 - x2)^-V2c^(2;)^ fo^ A; G Nq and 
integrate over (—1, 1) using the orthogonality relation ( 127|) . ■ 

Corollary 8. Let m, n G Nq, p G (-1/2, 00) \ {0}, p G (0, 1). Then 

_i (1 + p2 - 2px)W2+.^- 1^ Vl + p2 - 2pa; J 

2^-^^7rr(2p + r2)r(2p + 2n + m) p.2„_2^ fl-p 



m!n!r2(p)pM(l + p)"^ -™ V^ + P 

Proof. Same as in the proof of Corollary U\ except apply to both sides of 

m. ■ 



Corollary 9. Letn G Nq, p G (-1/2, oo)\{0}, p G {2 G C : |z| < 1}. Then 



1 



1 1 



f 2v/^r(p+|)(2p)„ 
= < (n + pji [fijnl 

[^0 if odd. 



Proof. Same as in the proof of Corollary [TJ except apply to both sides of 
( l30l) . If n is odd then the Kronecker delta that appears in the orthogonality 
relation is always equal to zero. ■ 
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Corollary 10. Let n G Nq, /i G (-1/2, cx)) \ {0}, p G G C : 1^1 < 1}. 

Then 

~ ( (ITT^v^ " {i + p + 2^pxy) 

if n even, 

2Ar(^ + |)(2^)„ ^„,, 

(n + fi)r{fi)n\ 

Proof. Same as in the proof of Corollary [TJ except apply to both sides of 
fl32|) . If 77, is even then the Kronecker delta that appears in the orthogonality 
relation is always equal to zero. ■ 

Corollary 11. Letn G Nq, A G C, p G (-1/2, oo)\{0}, p G {;z G C : [^j < 1} . 
Then 

Jji - x'r/'''/'p'j_\-/i, (vi + p^ - 2px + p) p;^/_V/2-A (vi+P^-2px - p) c„^(x)d 

_ (A)„(2p-A)„p"+^-V^2^-V^ 
(n + p)r(2p)(p + l/2)„n! 

Proof. Same as in the proof of Corollary U\ except apply to both sides of 

m 



X 



Corollary 12. let n G Nq, a G C, p G (-1/2, oo) \ {0}, p G (0, 1). Then 



1 (1 +p2 _2pa;)V4-M/2W2^M-«-l/2 I ^i + ^2_2pX ' ^ 



21/2- 



(n + p)r(p)n! 



Proof. Same as in the proof of Corollary [TJ except apply to both sides of 
([35]). ■ 
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4. Chebyshev polynomials of the second kind 

The Chebyshev polynomials of the second kind can be obtained from the 
Gegenbauer polynomials using (?, (18.7.4)), namely 

U4z) = C'^iz), (36) 



for n G Nq. Hence and through fl26|) . the Chebyshev polynomials of the 
second kind f/„ : C — )■ C can be defined in terms of the terminating Gauss 
hypergeometric series as follows 

^„(z):=(n + l),F,(-^'^ + ';l^). (37) 

The orthogonality relation for Chebyshev polynomials of the second kind can 
be found in (?, (18.2.1), (18.2.5), Table 18.3.1) 

f/„(x)f/„(a;)(l - x^Y^'dx = -5m,n. (38) 
1 ^ 

4-1. Expansions for Chebyshev polynomials of the second kind 

Corollary 13. Let m G Nq, p G G C : 1^1 < 1} \ (-1,0], x G [-1,1]. 

Then 



-Urr 



1+P 



(l + p2_2px)W2+i \^^i + p2_2px^ 

= E(- + + 2).„Pr-- f/„(x). (39) 



Proof. Using (EH]), with ([Ml) and 



TT m + 1 „_l/2 



Umiz) = V 2F^T)Vl^-+i%(^)' (40) 

which follows from (157]) . and (?, (15.8.1)). This completes the proof. ■ 

Note that using (fT9|) . ( 140|) we have the following elementary function repre- 
sentation of the Chebyshev polynomials of the second kind 

U^z) = ^{z" - l)-i/2 [(z + v/^^)™+i -{z- 7^^)'"+! 
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Corollary 14. Let m G Nq, p G (0, 1), x G [-1, 1]. Then 

1-p 



= + + 2).„p:-- (i^) UM. (41) 



Proof. Using (129!) . substitute p = 1 with (l36ll and 

'^m[.X) Y 2 (1 - a;2-)l/4^m+l/2'^-^^ 

for X G (—1, 1), which follows from (?, (14.5.12), (18.5.2)). This completes 
the proof. ■ 



Corollary 15. Let p G {-z G C : < 1} , x G {^z E C : z interior to 
ellipse with foci at ±1 with semi-major axis (1 + p)/ (2y/p)}. Th 



an 

en 



1 1 °° 

2 5^p"t/2n(x). (42) 



1 + p - 2^x 1 + p + 2^x 



n=0 



Proof. Using (l36l) . and substituting p = 1 in ( l30l) with simplification, pro- 
duces this generating function for Chebyshev polynomials of the second kind. 
■ 

Corollary 16. Let p G {2; G C : |2;| < 1} , x G {^z E C : z interior to an 
ellipse with foci at ±1 with semi-major axis (1 + p)/ (2y/p)}. Then 

1 1 °° 

TT ^rr- - ^^ ^0 r = 2v^E/'"f^2n+i(x). (43) 

l + p-2^x l + p + 2^x ^ 

Proof. Using fl36|) . and substituting p = 1 into fl32|) with simplification, 
produces this generating function for Chebyshev polynomials of the second 
kind. ■ 



20 



Corollary 17. Let p e {z e C : \z\ <1}, x E [-1, 1]. Then 
(1 - x')-'/'P[;l\ [Vl + p^-2px + p) p-//_\ (Vl + p'- 2px - 

Proof. Substituting p, = 1 into and using with simplification, 

completes the proof. ■ 

Corollary 18. Let a e C, p e (0,1), x e [-1,1]. Then 



oo 

(a) 



(45) 

Proof. Using fl36|) . and substituting = 1 into fl35|l with simplification, 
produces this generating function for Chebyshev polynomials of the second 
kind. ■ 

4-2. Definite integrals for Chebyshev polynomials of the second kind 
Corollary 19. Let m,n e Nq, p e {z e C : \z\ < 1} \ (-1,0]. Then 



f il-x^/' f 1 + p ,,,,,, 

L (l + p-2p.)W..i^- Ll + p^-2p. • ^"^^^'^ 



7r(m + l)(n + l)(m + 2)2n 2n-2 (l±l 



Proof. Multiply both sides of ([22]) by (1 - x'^y/^Ukix), for k e Nq and 
integrate over (—1,1) using the orthogonality relation fl55]l . ■ 

Corollary 20. Let m,n e Nq, p G (0, 1). Then 

(l + p2-2px)W2+i^'» \^i + p2_2px) '^"^'^^''^ 

^ 7r(m + l)(n + l)(m + 2)2n 2n-2 (^~p\ 

p(i+p)- -™ u+p; 
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Proof. Same as in the proof of Corollary [121 except apply to both sides of 
(SH). ■ 

Corollary 21. Let n e No, p E {z e C : \z\ < 1}. Then 

, / 1 1 \ I vrp"/^ if n even. 

(1_ ^2^1/2/ i + i W„(x)rfx=<^ 

L Vl + P-2Vpa; l + p + 2ypxy g if n odd. 



Proof. Same as in the proof for Corollary [191 except apply to both sides of 
If n is odd then the Kronecker delta that appears in the orthogonality 
relation is always equal to zero. ■ 

Corollary 22. Let n e Nq, p E {z e C : \z\ < 1}. Then 

/I 1 \ 1 if n even. 

(1 _ a;2)i/2 ^ ^ UJx)dx = I 

L \^ + p-^Vpx l + p + 2^xj Kp^/^ if n odd. 

Proof. Same as in the proof for Corollary [191 except apply to both sides of 
(143|) . If n is even then the Kronecker delta that appears in the orthogonality 
relation is always equal to zero. ■ 

Corollary 23. Let n e Nq, p e {z e C : \z\ < 1}. Then 
J a - ^'Y^'P[/2-x (Vl + p'-2px + p) P-1\ (v/l + p2-2px - p) f/„(x)rfx 

_ o2n+3/2 ~ n+1/2 

(2n + 2)! ^ 

Proof. Same as in the proof for Corollary [191 except apply to both sides of 

m. ■ 



Corollary 24. Let n eNq, a E C, p e (0, 1). T/ien 



2{n + l)r 



Proof. Same as in the proof for Corollary [191 except apply to both sides of 

m- ■ 
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5. Legendre polynomials 



Legendre polynomials can be obtained from the Gegenbauer polynomials 
using (?, (18.7.9)), namely 



p„(^) = c]!\z) 



(46) 



for n G Nq. Hence and through (12^ . the Legendre polynomials of the 
second kind P„ : C — C can be defined in terms of the terminating Gauss 
hypergeometric series as follows 



-n,n + l I — z 
1 



(47) 



The orthogonality relation for Legendre polynomials can be found in (?, 
(18.2.1), (18.2.5), Table 18.3.1) 



5.1. Expansions for Legendre polynomials 

Theorem 10. Letx,y be in a neighborhood of 1. Then 

J2^P. 



(48) 



TC 

~2 



n=0 



n! 



2n 



{x + y){l-xy)\ ( x-y 



[x — y){l + xy) ) \\^ xy 



f 2 



W xy ( \lx^ — \ 
K 



xy 



X 



K 



W xy ( a/x^ — 1 



K 



x 



X 



1 + xy 

y 



K Vl -x^ 



K 



y^-l 



(1 + xy) K (^Vl -x2) K [yi^ 



if X = y = 1, 
ii x,y> 1, 

if X > 1 and ?/ < 1, 

if X < 1 and y > 1, 
if x,y < 1. 
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Proof. If we start with (10) from ?, namely 




(x - y){l + xy) 



{x + y){l - xy) 



) 



( 



x-y 
1 + xy 



) 



2n 




1 1 
2' 2 



1 



; 1 - 2^1 



1 1 

2' 2 



1 




) 



if we use (?, (15.9.21)) we can express the Gauss hypergeometric functions 
as Legendre functions. For instance 



with X E C \ [—00,0]. This domain is because the Legendre function of 
the first kind and the Ferrers function of the first kind P^, both with 
order fi = 0, are given by the same Gauss hypergeometric function and are 
continuous across argument unity (cf ([5]), ([9])). So there is no distinction 
between these two functions, except that the Ferrers function has argument 
on the real line with modulus less than unity and the Legendre function 
is defined on C \ (— oo, 1) (both being well defined with argument unity). 
(Hence there really is no need to use two different symbols to denote this 
function.) The proof is completed by noting the two formulae 



(?, (8.13.1), (8.13.8)), where K : [0,1) [7r/2,cx)) is the complete elliptic 
integral of the first kind defined by (?, (19.2.8)) 
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Theorem 11. Let x,y be in a neighborhood of 1. Then 



(3)n iz)n 



2„,2 



P- 



X + y — 2x y 



3n 



X-y 



n=0 



3n 



{x — y) A/ri^4xy(aH-^ ) \ a/1 + Axy{x + y) 



\/l + Axy{x + y) < 



1 














if 


X 


= 1/ = 1 


p_ 


-1/3 


(2a;3 - 


1)P_ 


1/3 


(2y3- 


1) 


if 


X 


2/ > 1 


p 


-1/3 


(2x3 - 


1)R 


-1/3 


(2y3_ 


1) 


if 


X 


< 1 and y > I 


p_ 


-1/3 


(2x3 - 


1)P- 


-1/3 


(2y3_ 


1) 


if 


X 


> 1 and y < I 


p 


-1/3 


(2x3 - 


1)P- 


-1/3 


(2y3_ 


1) 


if 


X 


y < 1 



Proof. This foUows by (?, (11)) and (?, (15.9.21)). ■ 

Corollary 25. Let m e No, p e {z e C : \z\ < 1} \ (-1,0], x G [-1,1]. 
Then 



1 



1 + P 



(1 + p2 - 2px)(™+l)/2 y^l + p2_2pX^ 

= ^p^i-pr + + ^ ([^) ^"(-)- (49) 

Proof. Using ([28]), substitute p = 1/2 with (ge]) and P„(2) = P^(^), which 
follows from ([S]), fHTI) . This completes the proof. ■ 

Corollary 26. Let m G Nq, p G (0, 1), x G [-1, 1]. Then 
1 „ / 1-p 



P 

± rr 



(l+p2-2px)(-+i)/2 \ ^i + p2_2p:r 



5^(2n + l)(m + l)2nP:r' ( ) ^n(x). (50) 



n=0 



1 + P 



Proof. Using substitute p = 1/2 with (HHD and P^(x) = PJi,(x), which 
follows from fHTI) . This completes the proof. ■ 
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Corollary 27. Let p ^ {z E C : \z\ < 1} , x E & C : z interior to an 
ellipse with foci at ±1 with semi-major axis (1 + p)/ (2^/?)}. Then 

+ j,^ ^ = 2 5^p"P2n(x). (51) 



^1 + p - 2^x ^l + p + 2^x 



n=0 



Proof. Substituting p = 1/2 in ( l30l) and using ( l46i) with simplification, 
produces this generating function for Legendre polynomials. ■ 



Corollary 28. Let p E {z E C : \z\ < 1} , x E {^z E C : z interior to 
ellipse with foci at ±1 with semi-major axis (1 + p)/ (2y^)}. Then 



an 



^1 + p - 2ypx v^l + p + 2^x 



2yp^p«P2n+i(x). (52) 



n=0 



Proof. Substituting p = 1/2 in ( l32l) and using ( H6l) with simplification, 
produces this generating function for Legendre polynomials. ■ 

Corollary 29. Let \ E C, p E {x e C : \z\ < 1}, a; G [-1, 1]. Then 
P-x (Vl + P^-Spx + p) P-A (v/l + P^-2px - ^) = E ^^^in^^2^^^ P''Pr.{x) 



n=0 



(53) 



Proof. Substituting p = 1/2 into and using (H^ with simplification 
completes the proof. ■ 

Note that Corollary [29] is just a restatement of (?, Theorem A), and therefore 
dH]) is a generalization of Brafman's theorem. 

Corollary 30. Let a E C, p E {z E C : \z\ < 1} , x E [-1, 1]. Then 

(1 + p^ - 2pa:)-"/^ P._i ( \ = ^-^p-Pnix). (54) 

\^l + p2-2pxj ^ n! 

Proof. Substituting p = 1/2 in fl35l) with simplification completes the proof. 
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5.2. Definite integrals for Legendre polynomials 

Corollary 31. Let m,n e^o, p e {z e C : \z\ < l} \ (-1,0]. Then 

\ 2(m+ 1)2„ „_2„_1 



;i + p2_2pa;)(-+i)/2 "'\^l + p^-2px '''' ^1 - p) 



Proof. Multiply both sides of f l49p by Pk{x), for k G Nq and integrate over 
(—1, 1) using the orthogonality relation (148|) . ■ 

Corollary 32. Let m,n G Nq, p G (0, 1). Then 

2(m+ l)2n „_2„-1 



Proof. Same as in the proof of Corollary [311 except apply to both sides of 
dSOD. ■ 

Corollary 33. Let n G Nq, p G {2; G C : < 1}. Then 

1 \ II n even, 

+ , = Pn{x)dx = {2n + l 



i\^l + p-2^x ^l + p + 2^x) I if^odd. 



Proof. Same as in the proof of Corollary [3T|, except apply to both sides of 
flSTj) . If n is odd then the Kronecker delta that appears in the orthogonality 
relation is always equal to zero. ■ 



Corollary 34. Let n G Nq, p G {2; G C : |2;| < 1}. Then 



1 



if 77, even. 



Pn{x)dx = { A n/2 



1 \V^ + P-^Vp^ + P + '^Vp^ J \Ap^ if n odd. 

2n + l 

Proof. Same as in the proof of Corollary [3T|, except apply to both sides of 
fl52|) . If n is even then the Kronecker delta that appears in the orthogonality 
relation is always equal to zero. ■ 
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Corollary 35. Let n e Nq, p E {z e C : \z\ < 1}. Then 

Px (v/l + P^-2px + p) P, (Vl + p2 - 2pa; - p) P„(x)dx = ^||J^^|^P"- 
Proof. Same as in the proof of Corollary [311 except apply to both side of 

m. ■ 



Corollary 36. Let n e Nq, a e C, p e {z e C : \z\ < 1} . Then 



il + p'- 2px)-"/2p„_i f , ^ f\ ] Pn{x)dx 
J~i \^/l + p^-2pxJ 



(2n + l)n!' 



Proof. Same as in the proof of Corollary [311 except apply to both sides of 



6. Chebyshev polynomials of the first kind 

The Chebyshev polynomials of the first kind T„ : C — ?■ C can be defined in 
terms of the terminating Gauss hypergeometric series as follows ( (?, p. 257)) 



for n G Nq. The Chebyshev polynomials of the first kind can be obtained 
from the Gegenbauer polynomials using (?, (6.4.13)), namely 

T^{z) = -\\mJ^aiiiz), (56) 

where the Neumann factor e„ G {1,2}, commonly seen in Fourier cosine 
series, is defined as e„ := 2 — 5„_o- The orthogonality relation for Chebyshev 
polynomials of the first kind can be found in (?, (18.2.1), (18.2.5), Table 
18.3.1) 



/ T,n{x)Tn{x){l - X^) ^^^dx = —6m,n- 
7-1 



(57) 
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6.1. Expansions for Chebyshev polynomials of the first kind 

Corollary 37. Let m e Nq, p e {z e C : \z\ < 1} \ (-1,0], x G [-1,1]. 



Then 



-T 



1 + P 



oo 

i y 



(1 + p2 _ 2pa;)-/2 ^ y ^i + p2_2p:, J (1 - p)™ 
Proof. Using (15^, and 



Trr,{z) 



1-p 

(58) 



(59) 



r„.(x) 



which follows from (l5l), ( l55l) . (?, (15.8.1)). This completes the proof. ■ 

Note that using ( |T8l) . ( l59i) we have the following elementary function repre- 
sentation of the Chebyshev polynomials of the first kind (see also (?, p. 177)) 



Tm{z) = - {Z + V^^r-{Z-V^^y 



Corollary 38. Let m G No, p G (0, 1), x G [-1, 1]. Then 
1 „ / 1-p 



-T 



(1 + p2 - 2px)W2 \^ ^l + p2_2px ) (1 + 

Proof. Using (|29|), (|56|), and 



(60) 



Tm{x) = f-{l-X-Y'X':_,,,y , 

which follows from (|9]), ( l55l) . (?, (15.8.1)). This completes the proof. 
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6.2. Definite integrals for Chebyshev polynomials of the first kind 
Corollary 39. Let m,n e Nq, p e {z e C : \z\ < 1} \ (-1,0]. Then 

" (^-^')-"' T ( ]Th)dx- p-^n(l + P 

, (1 + - 2px)-/2^™ Wl + P'- 2px "^^ e„(l-p)- [l-p 



Proof. Multiply both sides of (jSH]) by (1 - x'^)-'^/'^Tk{x), for k E 'No and 
integrate over (—1, 1) using the orthogonality relation ([5] 

Corollary 40. Let m,n e Nq, p G (0, 1). Then 



Proof. Same as in the proof of Corollary [39] except apply to both sides of 
iO]). ■ 
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